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Tool boxes in mathematics

N

Algebra

Also : Arithmetics, Combinatorics, Probability, Numerical simulation, ...
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Outline

© Geometry : shape of 7

© Numerics and Analysis : value of 7 and a magical formula

© Algebra and Arithmetics : (ir)rationality and transcendence of 7
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What is 77

Its origin : the shape of a circle!
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Question : Which circle?
It doesn’t matter! The value of 7 is independent of the circle.
The ratio between the circumference and the radius is a constant (=27).
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Transformations of the plane

» Translation : circumference stays invariant.

» Homothety : circumference is multiplied by the dilation factor.
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This is true only on a flat surface, e.g. the Euclidien plane, the cylinder.

Challenge : Why it is not true on a non-flat surface, e.g. sphere?
In mathematics, non-flatness is measured by curvature.
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Gaussian curvature of a sphere = 712

Question : What happens when r — 00 ?
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To get a rough feeling of how big 7 is :
A picture from wikipedia
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https://en.wikipedia.org/wiki/Pi

About 100 BC in China, 7 ~ 3
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About 480 AD in China, m ~ 3.1415926

Zu Chongzhi
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Approximate value of 7 : in decimals

3.1415926535 8979323846 2643383279 5028841971 6939937510
5820974944 5923078164 0628620899 8628034825 3421170679
8214808651 3282306647 0938446095 5058223172 5359408128
4811174502 8410270193 8521105559 6446229489 5493038196
4428810975 6659334461 2847564823 3786783165 2712019091
4564856692 3460348610 4543266482 1339360726 0249141273
7245870066 0631558817 4881520920 9628292540 9171536436
7892590360 0113305305 4882046652 1384146951 9415116094
3305727036 5759591953 0921861173 8193261179 3105118548
0744623799 6274956735 1885752724 8912279381 8301194912
9833673362 4406566430 8602139494 6395224737 1907021798
6094370277 0539217176 2931767523 8467481846 7669405132
0005681271 4526356082 7785771342 7577896091 7363717872
1468440901 2249534301 4654958537 1050792279 6892589235
4201995611 2129021960 8640344181 5981362977 4771309960
5187072113 4999999837 2978049951 0597317328 1609631859
5024459455 3469083026 4252230825 3344685035 2619311881
7101000313 7838752886 5875332083 8142061717 7669147303
5982534904 2875546873 1159562863 8823537875 9375195778
1857780532 1712268066 1300192787 6611195909 2164201989
3809525720 1065485863 8823537875 9375195778 1857780532
1712268066 1300192787 6611195909 2164201989 3809525720
1065485863 8823537875 9375195778 1857780532 1712268066

1300192787 6611195909 2164201989 3809525720 1065485......
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Basel problem

1 01,1 1
Ttmtmtat

A question posed by Pietro Mengoli in 1650, answered by Leonhard Euler
in 1735, and named after Basel (hometown of Euler).
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1 1 1

Gttt — 1.463611111111111...
% N 2l2 b % — 1.549767731166540...
% N 712 I Fl(ﬂ — 1.634983900184892..
% v 2% T ﬁ — 1.64393456668155...
% N 2l2 4y ﬁ — 1.64483407184805...
% n 712 - m = 1.64492406689822...

1 1 1 1
Stmtmtat — 1.644934066848226...
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The guess

v/1.644934066848226... x 6
=3.14159265358979323846264338327950288419716939937510

5820974944592307816406286208998628034825342117067982

1480865132823066470938446...

1 1 1 1 2 m?

creteEtet -
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Reproducing a “polynomial” from its zeros :

sin(x) = x(1— 2)(1+ )(1 — )+ )1 )1+ 3.

T 2w 2T 3

1 1 1 1
sin(x)/x:1—<-|—4 . ..>X2+...

Approximating sin(x)/x by polynomial :

2 4 6
) X X X
Sln(X)/X_l—g—i-y—ﬁ—i—
Conclusion :
1,101 01w
12722 32 0 42 6
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Riemann zeta function

1 1 1
((s) = —+—+§+—+

Riemann

Lie Fu (University of Strasbourg ) 19 March, 2025, EES 22/38



1 1 1 1

1 1 1 1

W=Gtututa

14 24 34
1 1 1 1

i

n+1 Bap - (27T)2"

O =15+ 3t
1 1 1 1

B =f+m+t3 Tt = g
¢(2n) = (-1)

Here By, is an easily computable rational number (Bernoulli number).
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Approximate value of 7 : in decimals

3.1415926535 8979323846 2643383279 5028841971 6939937510
5820974944 5923078164 0628620899 8628034825 3421170679
8214808651 3282306647 0938446095 5058223172 5359408128
4811174502 8410270193 8521105559 6446229489 5493038196
4428810975 6659334461 2847564823 3786783165 2712019091
4564856692 3460348610 4543266482 1339360726 0249141273
7245870066 0631558817 4881520920 9628292540 9171536436
7892590360 0113305305 4882046652 1384146951 9415116094
3305727036 5759591953 0921861173 8193261179 3105118548
0744623799 6274956735 1885752724 8912279381 8301194912
9833673362 4406566430 8602139494 6395224737 1907021798
6094370277 0539217176 2931767523 8467481846 7669405132
0005681271 4526356082 7785771342 7577896091 7363717872
1468440901 2249534301 4654958537 1050792279 6892589235
4201995611 2129021960 8640344181 5981362977 4771309960
5187072113 4999999837 2978049951 0597317328 1609631859
5024459455 3469083026 4252230825 3344685035 2619311881
7101000313 7838752886 5875332083 8142061717 7669147303
5982534904 2875546873 1159562863 8823537875 9375195778
1857780532 1712268066 1300192787 6611195909 2164201989
3809525720 1065485863 8823537875 9375195778 1857780532
1712268066 1300192787 6611195909 2164201989 3809525720
1065485863 8823537875 9375195778 1857780532 1712268066

1300192787 6611195909 2164201989 3809525720 1065485......
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Natural questions

» Does it end?
» Is there a pattern?
» Does it repeat after a while?

25 -
i = 0.142857142857142857... = 0.142857
% = 0.2153846153846153846... = 0.2153846
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What does it mean for a number to be rational ?

Fact : a number is rational if and only if its decimal representation is
eventually repeating.
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Question : Is 7 rational, that is, the ratio of two integers?

Euclid Archimedes

> 2 314 2857... > 355 1 3.141502 9203...
» Relative Error : 0.04% » Relative Error : 0.000264%
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v/2 is not rational.

Pythagoras Hippasus

Exercise : log, 3 is not rational.
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Lambert’s proof of irrationality of 7

Lambert
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Some trigonometry

The tangent of an angle 6 is defined as :

opposite
tan(6) = oppo™
adjacent
C
opposite
0
A adjacent B
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Key fact : tan(non-zero rational number) is never a rational number !

Graph of y = tan(x)

We know : tan(7) = 1.
Conclusion : 7 is not a rational numbe.
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Proof of the Key Fact

X
tan(x) = 5
1 X
3 <
5 <
X2
7 —
99—
Use two formulas :
. X3 X5 X7
SIn(X)_X_ﬁ_‘_a_F—i_
2 4 6
X X X
cos(x)_l—a—i-ﬂ a-ﬁ-
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Proof of the Key Fact

Assume, for contradiction, that x = £ and tan(x) = £ :
a_ g _ P
RO F

q q—-
1-— p?
(8) - P
q
3- (p>2 5q —
e 7q _
5_ _\9

We get an infinite descending chain of positive integers !
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See the video here by for an excellent explanation of Lambert’s proof.
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https://www.youtube.com/watch?v=Lk_QF_hcM8A

Further results

Theorem. ((2) is not a rational number. Hence 72 is not a raitonal
number.

Stronger result :

Theorem. ((2n) is not a rational number. Hence 72" is not a raitonal
number.

In fact, much much stronger result :

Theorem (Lindemann—Weierstrass). 7 is transcendental, that is, 7 is
NOT a root of any polynomial with coefficients in Q.

Example : /2 is not rational but not transcendental.
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Questions and Challenges

» Is ((3) rational ? Look for Apéry online.
» are ((5), ¢(7), ¢(9), ¢(11), etc rational ? Are they transcendental ?
» Is ™ rational ?

» Is e + 7 rational or even transcendental ?
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Thank you'!

GET REEI[ BE RATIONAL

‘@
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